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TECHNICAL NOTE No. 1398

SOLUéIONS FOR HYDRODYNAMIC IMPACT FORCE AND RESPONSE
OF A TWO—MASS SYSTEM WITH AN APPLICATION
TO AN ELASTIC AIRFRAME

By Wilbur L. Mayo
SUMMARY

Solutions of impact of a rigid prismatic float connected by
a massless spring to a rigld upper mass are presented. The
solutions are based on hydrodynamic theory which has been experi-
mentally confirmed for a rigid structure.

Equations are given for defining the spring constant and
the ratio of the sprung mass to the lower mess so that the two-
mass system provides representation of the fundemental mode of
an airplane wing. The forces calculated are more accurate than
the forces which would be predicted for a rigid sirfreme since
.the effect of the fundemental mode on the hydrodynamic force is’
taken inte account. The response 'of the two-mass system gives
the response of the represented mode and, although no provision
is made for tiéking into account the effect of secondary modes on ;'
the hydrodynemic force, means are indicated whereby the results
may be used to approximate the response of modes other than the
fundamental mods.

Time histories of the hydrodynemic force and structural
regponse are glven for wide renges of mase distribution and vatio
of natural period to the period of the impact. By use of non~-
dimengional coefficients these resulis are made appliceble to°
different combinations of velocity, welght, angle of dead rise,
and fluid demsity. Although the equations permit solutions for
different combinations of flight-path angle and trim, an approxima-
tion is given for correcting the results Por the combination for
vwhich solutions are glven to other conditions within a narrow
renge indicated to be of primery interest to the design engineer.

In a comparison of the theoretical date with date for a
severe flight-test landing impact, the effect of the fundemental
mode on the hydrodynamic force 1s considered and response data
are compared wlth experimental data. Consideration of the
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fundamental mode alone faills to account for the fact that during the '
impact partial fellure of the inboard-engine mounts cccurred but

use of the theoretical solutions to approximate the effects of

further wing torsion leads to substantial agreement.

INTRODUCTTION

In recent years the development of large airplanes has caused
the elastic behavior of alrframe structures during landing impact
to become important. The work which has been done on this problem
hasg been handicapped by lack of proper knowledge of the time
history of applied ground reaction. This sltuation has been
particularly acute for seaplanes bscause of difficulties in °
measuring the hydrodynamic force the seaway, and the manner of
contact with the seaway. .

In order to facilitate the interpretation of flight data and
to lead to the prediction of design loads on a rationel basis, a N
theoretical hydrodynamic study was made and tests of a-rigid float
were conducted at the Langley impact basin. Since the results of
these tests agree with the theoretical results for wide ranges of '
the pertinent variables in numerous force time histories (refer—
ence 1), it is assumed that the theory may also be used in con-
sidering the effect of the upper-structure elasticity of a seaplane
on the motion and force characteristics of the hull proper, which
ig asbumed to be rigid.

The bending of wings during impect, which for modern flying
boats 1s the primary structural action, is considered in the
present paper by reducing the findamental mode to an equivalent
two-masgs system. The results are prescnted in a form suited to
general application and are compared with experimental results
for & particular case. Tho equations showing the method of
golution are included in sgppendix A and a sample data sheet is
given as table I.

SYMBOLS

tn time required for one-fourth .cycle of natural vibrafion o
by time between initial contact and maximum hydrodynamic

force for rigid structure

t time elapsed after initial contact
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my  lower, or hull, mass of two-mass system
g sprung mass of two-mass system
"m  gross mass. (W/g or mg + mp)
W grogs weight
acceleration of gravity
K spring constant of sprins connecting mS and mL , force
. per unit deflection
ny acceleration normal to water surface of nodal poin’d of
elastic system, multiples of acceleration of gravity;
for two-mass system, acceleration of center of gravity
N osoillatbry acceleration of hill about center of gravity
) of two-mass system or nodasl point of represented mode,
multiples of the acceleration of gravity
v resultant velocitj at instant of contact with water surface
o} mass denslty of fiuld
T angle of trim; angle of hull keel with respect to plane of
: water surface )
V4 flight-path angle; angle botween flight path and plane of
water surface
B angle of dead rise
Ct nondimensional 'b:!m-e'.coefficient G:v %5)1/ 3)
' et n 1
CZ nondimenslonal load-factor coefficlent -—é— (5§_W> /3>
L : v :
0g)1/3
Cq nondimensionel draft coefficlent (ya (w\
Te dreft at instent of maximm acceleration
"fn natural bending frequency

Where u:dits are not given, any conaistent system of wnite may be

used.
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THEORY
Ha'rd.rodynamic

The hydrodynamic theory used in the present paper is the seme
ag that developed in references 1 and 2. A basic differentilal
equation which givee the. instantaneous force in terms of the
instantenesous position and mofion of the float is given in refer-
ence 2. This equation in the present paper ls used to determins
the effect of alrframe elesticity in altering the motion and force
time history (appendix A). The solution is based on the assumption
that the float does not change trim during impact. In thie connec-
tion the pitching moment may be largs, but the time of the -
fmpect is short enough to varrant (at the present stage) neglect
of the resulting angular velocities and displacenents.

The solution prosented herein is for a prismatic float with
guch beam loading that the chines do not immerse during impact. .
Tor waves that glve the severe design condition of full~lsngth
impact, conventional beam loadings are smell enough to cause the
maximum force to ocour at drafte sufficiently small to make the
effects of finite width -and chine flare gecondary. Reference 1
indicates that for a conventlonal float neglect of the pulled-up
bow ie jJustified when the trim 1s 3° or greater. Although for -
high-trim landings initial contact by the ‘afterbody may sub-
gtantially change the trim beforse the main forebeody impect, the
neglect of afterbody loads is justified because, during the main
impact, the shielding of the afterbody by the forebody duve to
depth of the step and to keel angle is such as to minimize the-
importance of afterbody loads. - s

Strucfura.l

A simplified representation of primary elastlicity of an _
alrframe is shown in figure 1. A rigid lower mass :my, is considered
to be connected by & massless spring to a rigld upper mass ng.

In determining the fundamentsl bending of airplane wings part of
the wing mass must be included in my  and part of the wing 1ift
should be applied to mp. In the present paper the gravity force -
on each mass is assumed to be balanced by wing 1ift.

The problem of determining the properties of the two-mass
system so that 1t is representative of the primaxry elastic actlon
of the alrplene is rather simple if 1t 1s assumed that during
the impact the structure deflects with the shape of lts fundamental '
mode of vibration. ' The requlrements arse: :
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" (1) The tothl mass of the simplified system must equal the
total mass of the alrplsne in order that the proper nodal or
center-of-gravity accelsrations can be obtained.

. (2) The energy of vibration for +he seme amplitude of the
hull and lower mass (rolative to the nodal point) must ‘be the same
for the two-mase system az for the consldered mode of the ailr-
plane structure.

(3), The natural frequeney of the two-mass system must be the
same as the frequency of the consldered mode of airplane vibration.

Eguations which perwmit determination of The mafses ard dpriig
constant of the simplified syctem so that 1t meets these require-
nents are glven in appendix B. These equations and the' foregoing
requiremente ere applicable for both landplanes and seaplanes.

Tn the present paper the represented structural mode is considered
to be devold of vibration prior to the 'instent of impact. Thus,
the computations may represent either a first impact or a subsequent
impact resultling from a bounce sufficiently high to cause asro-
dynemic and structural damping Lo stop the vidbration during the
time the seaplane is in the air. The present paper does not glve
8 representation of successive lmpacts, such ag might occur in
seaway, which lead to accumulative or resonant effects. Avallable
f1light data indicate that a single heavy impect, such as that
consldered herein, is the primary cause of gtructural failures.

The response of the two-mass system is obtained in connection -
with the calculation of the time history of the hydrodynemic
force, 'and from thls result the completq responege of the repre-
sented mode can be obtailned by the simple procedure given in - _.-
appendix B and demonsitrated in the section entitled "COMPARISON
WITH EXPEBIMENT ." The response of other modes to the force .
computed on the basis of the fundamenta.l mode can be separately
determiried snd superposed (reference 3). In order to minimize
the camplexity of the solution, however, the present investigation
does not provide for taking into accoumt the effect of the other
modes on-the hydrodynsmic Porce. Although the other modes mey
have a substantial effect on the local loasds in the _structure,
the effect of these modes on the hydrodynemic force is considered
to be secondary as compared vith the effect of the fundamental
mode.

If a large number of solubions for the two-mass system have
been made in order to dstermine the effect of the fundamental
mode of different wings on the hydrodynemic force, the response
of modes other than the fundsmental can be approximated from
the use of a solution for a mass ratio and ratio of the time
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period of the lmpact force to the natural period of the two-mass
system representetlve of the consldersd mode. An example of such
use to epproximate the effects of wing torsion is given in the
present investigation in a comparison of results of cemputa.’cions
with experimental results. . ,

If the response of more then one mode is considered, the
structural and aerodynemic demping, which are not considered. in
the present paper, ere important factors in determining the extent
to which the meximum response of the different modes should be -
supervosed without regard to phase relationship. It is expocted
that the effect of the damping will be most importent for the
higher modes end that e result leading to conservative d.qsign will
be obtained if damping is not cansidered and the maximums of the
firet two or three modes aere superposed without regard to phasge
reletlionship.

RESULTS

Solutions of the equations in appendix A wers made for wilde
ranges of the periinent variebles. Time histories of the calculated
nodal ecceleration, or hydrodynamic force in texms of the weight, - -
are given in figures 2, 3, 4, and 5 Ffor ratios of the .eprung mass
to the lower mass equal to 0.25, O, 60 1,00, and 1.36, respectively.
Each figure is 'bhree-dimensional, the’ third dimensicn is /by

which is a ratio of the period of natural vibration .to the speed of -
the impsct. In representing the period of netural vibration, "cn .

ig teken as the time required for ome~fourth of & cycle + The specd
of the impact ls repre’se‘mted by making ti equal to the time between

initial contact end maximum eccelerstion for a rigld structure. If °

the time to reach maximwm force foy the elastic.structure showld be
uwsed in deflning 44, dlscontinvities in the time to reach meximm

force wowld ceuse discontinuities in the time ~ratio scales of the
plots. (See figs. 2 o 5e)

An expression for %, may be o'bta.ined, from the relation
tn = ]lfn end equation (A1+) in a.ppendix A. The equation for b,
is as follows: .

- oo (1)) e

B
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where

Ct time coefficient at instant of maximum dcceleration for
Gmax rigld body (0.678 for B = 22.5°, ¥ = 149, and T = 3°)

The expressions for %, and +; may be used to determine
that . .o . -

The oscillatory ascceleration is given in figures 6 to 9.
These figures are the same &s the flgures giving the nodal
acceleration (figs. 2 to 5), except that the acceleration plotted
is the difference between the hull acceleration and the nodal
acceleration. The time higtory of the hull acceleration can be
obtained by swming the two plots for a particuler mass ratio.
On the basis of the assumption that during impact the airframe
structure deflects in a particular mode;, a time history of the
acceleration of any point in the structure 1s obtalned from the
results for the equlvalent two-mass system by the following
procedure ¢

(1) From the deflection curve of the represented mode obtain
the ratio of the deflection of the point of interest to the _.
deflection of the hull Both deflectlons dre-taken relative to
the nodal point. C - '

(2) Multiply this ratio by'thé oscillatory ascceleration
" g@lven elther by figure 6, T, 8, or 9 or by interpolation between
these figures for the mass ratio of the equivelent two-mass- system.

(3) a3ad result to the nodal acceleration given by figures 2
to 5. i . .

Time histories of the accelsration givéﬁ in figures 2 to 9
are on a nondimensional basis. The nondimenslonal coefficients,
vhich contein veloclty, weight, fluid density, end acceleration
of gravity, were used in reference 1 in a comparison of theoretical
data with impect date for a float having an angle of dead rise

lO
of 22= . .

2

Application to other angles of dead rise. The function of
the angle of dead rise cen also be included in the nondimensional
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coefficients, but in the present iInvestigation this function is

isolated and treated as & factor for correcting the results

presented for angle of dead risge of 22% to other dead-~rise angles.

The pertinent relationships between results for different angles
of deed rise mey be exprossed as followe:

1/3
o
¢ -[fus) f(A.)] - (3)
« [(8) £(a)] /3 R

where

£(B) function representing variation of virtual mass for two-
dimengional flow with angle of dead rise

£(4) .'aspect ratio factor including effect of angle of deed rise on
~aspect ratio; ratlo of virtual msss for three- dimensional
| flow to virtual mass for two-dimensional flow

np acczlzzgtion at any point either oscillatory, nodal or
[e]

The shape of the force and acceleration curves for a given
value of - t,/t; is independent of angle of dead rise, but the
effoct of angle of dead rise on ty,.. as given by relation (3),
does enter into the determination of the value of t,/ty .for a
particular solution. After the valua of -tn/ti' for a particular
golution has been determined, the acceleration end time values

for an angle of dead rise of 22% are proportioned by means of

relations (3) and (4) to the corresponiing values for the angle
of dead rise used in determining t,/t; in order to obtain the
proper acceleratlion hlstory. . .

Although adequaﬁe impact date have not been availeble for
checking the theoretical ecquations for engles of dead rime other

vy y [+]
‘than 221 , ‘the theory ls egually applicable Lo planing floats.

Study of planing date has shown that the functlons of angles of
lead rise used in equations hereln ere approximately correct for
mgles of dead rise ranging from 15° to 30°. The functions are:

| f(_B) =.<é’-‘-ﬁ- . )2 | (5)
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Until improved functions of angles of dead rise are obtained,
functions {5) and (6) should be substituted in equations (1)

and (2) and in relation (4) to correct for angles of dead rise
within the range from 15° to 30°. Rough approximation can be
obtained by use of functions (5) and (6) for .angles of dead rise .
greater than 30° but not for angles of dead rise much less than 15°.
In vreference 2 there ils a discussion of the inadequacy of f(A)'
for aspect ratios which normally occur for emall dead-rise angles.
For very large angles of dead rise and moderate velocity the
static forces, which ars not considered in the present lnvestiga-
tion, become of greater importance.

. Approximste correction to other flight paths and trims.-
The flight-path and trim conditions of primary interest to the
designer tend to be.independent of the variaebles in seaplans
design and constitute a limited range within which spproximate
correction of regults to different angles of flight path and
trims can be made without necessity for repeated time-history
.solutions.. For any particular comblnation of horizontal speed,
rate of-descent, and trim, the most severe impact load for most
of the structure occurs when the seaway is such that the keel
contacts a wave -slope approximately parallel to 1t. L The effective
angle of flight path and trim for such an impact are deflined
relative to the inclined wave slope; therefore, the trim which
glves maximum force 1s zero. The largest flight-path angle,
relative to the keel and to the critical wave slope, is also
assoclated with the most severe force. The value of the largest
flight-path angle 18 not so definite as the critical trim bub
tends to be independent of varlations in size and wing loeding.
The welocity of the wave.should be considered 1n determining
the contact speed and flight-path angle.

The equations and method of solution glven in appendix A
permit solution for different flight-path engles and trims;
however, approximate correction of the results in figures 2 to 9
to other positive contact angles can be made by assuming that
the proportionate effect of the structural slasticity on the
hydrodynemic force is solely dspendent on the ratio tn/btj.
Curves glven in reference 1 ghoy values of Cta for different

flight-path angles and trimg, which may be subs%?%uted in :
equation (2) to obtain the value of tn/ty for different contact
angles. Tn meking the approximate correction, the solution
presented herein for the obtained value of the ratio tn/ti should
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bs used to approximate the shape of the curve glving the desircd
time history. The loed or acceleration scale should be corrected
to the different contact angles by multiplying the present result
by the ratlio, determined from curves given in both references 1
end 2, of the load-factor cecefficlent for the different contact o
condlitlon to the load-~factor coefficient for the conditions of 3
trim end 14° flight=path engle considered herein. Correction of
the time scale involves a similar procedure in which the time
coefficient is used rather then the load~factor coefficient.

. Since the force curves for a rigid body sre approximately the
seme shepe for different engles of flight path and trims (reference 1),
‘the approximate method of correcting to different angles of flight
path end trims would be almogt correct if the structural elasticity
d1d not affect the hydrodynemic-force curve. The percentage change
in the force on the float due to elasticity is a function of the
percentage change in draft causéd by the elastic compression for a
given center-of -gravity position. An indicatlon of the validity of
the approximate correction is obtained by studying the extent to which
the ratio of the spring deflection to the draft is constant for impects
of tho same values of tn/ty =at different angles of flight peth snd

trims. From the expreseions for +t,/ty, 03, O, end Cp with the

spring deflectlon assumed to be proportional to the hgdrodynamic force,
this ratio may be represented by.the expression C;0,%/Cq, in which

all values are for the instant of meximum acceleration., The variation
of thils expression with flight path for an impact of a riglid float
at 3° and 12° trim is given in figure 10. Values.of C, eand Cy

used in obtaining this flgure are given in reference 1; values of Cg
were obtained in conjunction with the data of ref'erence 1 but have
not been published. - - : T :

In the present papor the nwmerical valuven of, Qlcta/cd have no

significance and they are of interest cnly because of the extent to
which they ere constents Figure 10 indicates that for large flight-
path angles and small trims the vatio is approximately constant.

The devieticn from a constent vaelue of this ratioc is due to planing
forces which exist in en oblique impect and beccme more important for
low flight-path engles and high trims. The conditions of ‘large flight-
path angle and emsll trim previomsly adjudged to be of primary intersst
to the designer ecnstitute the renges in which the defleotion retio is
felrly constent and the approximate method of correction.should give =
& failr degree of accuracy. The present selubions are. considered to

be for conditions sulted to correction of the results to other conditions
of greatest practical Intereat; they represent a moderately severe
combination of flight=-path eangle, weave slops, and trim chosen to
facilitete correlation of the theory with an impact which resulted in
svbstantial demege to & wellw-instrumented flying boat during flight
tests.
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The equatlons presented herein are not valid for zero trim;
an agsumption that the float is prismatic gives solubtions of
infini'be wetted length and Infinite force for zero trim. Solution
for 3 trim and a prismatic float is much simpler then a correct
solution for 0° trim because necessity for considera:bion of
bow shape is eliminated.. The solution for 3° trim may be teken
as an approximation of 'the critical deslgn loed or, as illustrated
in the following section in a comparison of theory with experiment,
as an emplrical factor, which includes bow effects, may be used to
cgnver'b velues of acceleration and time Ffor 3° trim to values for
O~ trinm. .

COMPARTSON WITH EXFPERIMENT

. Impact~basic data have not been cbtained for sultable models,
and most flight landing data have been inedsquate for the present
study. The only date which appeared suitable for this comparilson
.are those which were cbtained with a four-engine flying boat, the
data for which have not been published. Dete were obtained for a
large number of test landings, but only one of the impacts is
very well sulted to the present enalysis. This impact geve. loads
sufficlently high to cause large effects of elastlclty of the
wings. The impect occurred against the flank of a sizsble wave
(4 £t) and thus facilitaited the use of results based on a planar
weter surface. The present comparison of theory with experiment
will be restricted to this impact since other impacts involved
more conmlex contact with sesway and gave less force.

The horizoniel speed, rate of descent, and trim were recorded.
A large mumber of pressure instruments distributed in the hull
vermitted determination of the water surface relative to the hull.
Date recorded by these instruments indicated that the wave slope in
cantact with the hull was a.n;proxima:bely plenar, that the trim
relatlve to the wave'slope wag 0%, that the resultant velocity,
consldering the speed of the wa.ve, was &5 feet pér second, and thet
the flight-path angle relative to the wave slope vas: 11:- '

Structural date available for the test flying boat are not
adequate for the present anelysis. Since this flying boat has the
same number of engines and approximetely the seme gross welght and
horsepower es a landplane for which a large amount of structural
date is avellable, assumption is made that the flying-boat wing has
the seme mode shape and mess distribution as the wing of this land~-
plane. Use in equation (BS) in appendix B of data for the landplane
glven in reference 3 letds to the following mass ratio of the two-
mess system representing the fundamental mode:

s

'1?1‘:'['" = 0-25
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Based on study of the accelerations at several points in the test
Plying boat during periods of relatively free vidbration in which the
fundamental wing bending mode appeared to be predominant, a natyral
frequency of 3.6 cycles per second was selected for use in the
present exemple. The fundamental mode frequency of the wing of the
landplane is 3.4 cycles per second.  (See refersnce 3.)

Since the mass ratio is equal to 0.25, figures 2 and 6 are
used to approximate the action of the fundamentel mode. Further,
substitution of values for conditions for this impact 1¥nequation (2)

resulte in use of the specific time hietory given for T 1.2.

Substitution of the contact conditions in the load and time coef~
flclents fixes the load and time scales in an absolute sense.
Corroction from 3° trim to 0° trim méy be made by assuming that

the shape of the time history is approximately the same for both
conditions. Empirical correction of the curves from 3° trim to 0°
trim may be seen from reference 2 to require a 1l0-percent reduction
in the acceleration. An analysais of dats obtalned at the

Langley impact basin for impact at 0° trim indicates that correc-
tion of the time scale from 3° trim to 0° trim requires a 10- percent
reduction in the time values. :

Hydrodymamic force.- The nodal-point acceleration ny, obtained
by the procedurs discussed herein, represents the hydrodynamirn force,
in multiples of the weight, applied to the flying boat. Since the
experimental data do not provide measurement of the hydrodynamic
force as such, direct comparison of the theoretical force-curve
results with experim@ntal results is not permitted. Instead, a
comparison of the theoretical response of the -structure with the
experimental response is necessary, and, if the agreement is
adequate, 1t may be concluded that both the hydrodynemic. and the
gbructural actions are adequately represented.

Before a study of the response of the structure is mede, the
theoretical effect of the response on the hydrodynamic force should
be ohserved. This observation is made by comparing the force curve
obtalined for & mass ratio of 0.25 with the fores curve for a rigid
strv-ture. Both curves are inel:deﬁ In Piguws 11. The curve for

3

the caws of a rigld structure B, 0 ) was obhainsd from reference 1

for 3° trim and corrected to theLconditione of ‘the present example
a8 previously indicated. Comparison of the curves for mass ratios
of 0 and 0.25 shows that in the present example the theoretical
effect of the structural elasticity on the maximum hydrodynemic
force 1s to reduce it 15 percent. For the hypotheticel condition
of a concentrated wing mass located at a point in each semlspan
of a masslees wing structure, the conditions of the present
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example would glve theoretical reduction in the maximum hydrodynamic
force due to structural elasticity of Lk percen‘b. This result is
indicated by camparison of the maximm of the curve in figure 11 for
g mass ratio of 1. 36 with the maximum of the curve for mass ra:bio

of 0.

The curves 1w figure 11 show only reduction of the hydro=
dynamic force because of structural elasticity. It should not
be concluded, however, that the effect 1s always in thls direction.
Pigures 2 to 6 show that In some cases the hydrodyneamic force is
increasged; the maximum increese which was calculated wvas of the
order of 12 percent. -

' Hull scceleration.~ By combining 'bhe results for the two-mass
case with approximation of the pitching action on the basis of a
rigid structurs, the following equation may be obbtained for the
hull acceleration at different longliudinal stations: :

o, = nif + 1, - (7)
where S
ny, hull acceleration .
87
=1+ P
s  distance from station to center of grayity

k radius of gyration (12 £t in present example)
1 distance from resulibant hydrodynamic forqe to center of gravity

The forebody length of the flying boat is 31.75 feet. Because
of bow effects, a length of 25 féet ls assumed to have & rectangular
loading for this zero-trim impact and the resultant force is
located 12.5 feet forward of the step which leads to a value of
1 equal to 8 feet. Use of the foregoing procedure to calculate
time histories of the acceleration for two stations in the hull
at which accelerometers were located gives the curves in figure 12.
The maximum accelerations recorded at these stations are elso shown;
agreement with the computed maximum acceleration ia good. The
full experimental time history is not included because the film
speed was not great enough to permit accurate determination of the

shape of the time history. This factor, together with some
wncertainty in defining the exact instant of contact, prevents exact
check of the time to reach maximum acceleration; -bhus, the experi-
mental pointe in figure 12 are located at the theoretical time of
maximum acceleration.
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Although the sgreement of calculation with experiment in
figure 12 1s good, this agreement can be interpreted as confirmation
of the elestlic action of the structure only to the extent that
dlsagreement of hull accelerations computed on the besis of a rigid
structure can ve shown. Values of maxlimum accelerationa computed
for & rigld structure are included in figure 12. The dlsagreement
wlth experiment is greater then for computations in which the
elasticity of the structure is considered. The dlfferenceg ls small,
however, because the effect of elasticity in incremsing the hull
acceleration for a given force is largely offset by the effect of,
elasticity in reducing the hydrodynemic force. Since the probable
accurecy of avallsble data must be considered, experimental proof of
the theoretical effect of the elasticity on the hull acceleration
cannot be claimed. Support for a conclusion in thls respect, however,
can be obtained by comparing the theoreticel response of the wing
with the. experimental response. - I the wing responds as assumed,
the bagic equetions require that the -hydrodynemic force and. hull
accelerations be es calculated. .

Elagtlc pxlgs.~ Use of the nodal end oscillslory acceleratlons
of the representative two-mess system to predict accelerations along
the slaestiec .axis of the wing requires consideration of the fact that
the olastic axis of the wing 1s.not at the center of gravity of the
flying boat. An approximate correction may be obtalned by multiplying
the results for the two-mess cese by the factor £ which is used in
equation (7). This correction ig not entirely consistent with that
glven by equation (7), but each approximation is consildered more
accurate for ite psriticular case. An improvement to the present
correction which would chenge the results 2 to 3 percent might be made,
but the complication is not considered to he warranted. .

In the present exemple the value of ¥ 1s 0.86. Application
of this factor, of equation .(BT). of appendix B, and of pertinent
structurel data given in reference 3 gives the curves in figure 13
in representation of the accelexration time histories of the elastic
axls of the wing for the hull, inboard-engine, nodal, outboard-engine,
and tip stations.

- Wing torslon.- The torsion of the wing during impact may have
sﬁbstantial effect on the acceleration of engine and nacelle

masges forward of -the wing. Use of the procedure which gave the
agcoleration time historles in figuwe 13.to calculate the accelera-.
tion at the engine gives a maximum acceleration of 3g at, the AN
inboard engines and a maximum acceleration of 5.6g at the ., - » ..
outboard engines. The relative -magnitude of these values is in -
strong: dlsagreement with the fact that during this lmpact partial
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fallure of the inboard—engine mounts oocurred, but the outboard—
engine mounts were not damaged. . e

Since the structural data used in the preceding. computation
are for the actual fundamental mode, their use in impact caloula-
tions involves assumption that. the coupling between the torsion
and bending corresponds to the coupling which exlsis in natural
vibration. Actually, the torsional deflectione in impact are
determined not merely by the bending deflections but also by the
large nodal acceleration, which does not exlst in natural .
vibration.:

In the present example the results which h&ve been calculated

for impact of a two-mass olastic system will be used to predict +the
response of the engines, The procedure- for doing this is to select
the proper solution and then to adjust the acceleration and time

scales of the two-mass’ solution so that the maximum scceleration of
the nodal point corresponds to the maximum acceleration of the elastic
axis at the engine statlon. The acceleration of the upper mass of
the two-mass system then represents the response of the engines;
however;'because of the eccentricity of the impact, an increment
nust be added

Date obtained from Guggenheim Aeronauticel Laboratory, California
Institute -of Tedhnology include the torsional deflection of a station
inboard of the outboard engine for a glven moment applied at the wing
tip. For a flying boat the absence of cut—-out for the landing gear
tends to give a stiffer wing; therefore, in the present example,
deflection measured on the wing of ths landplane slightly inboard of
the outbhoard engine is considered appliceble to the outboard-engine
station. Relative deflections between the inboard and outboard
engines are estimated as follows: . :

(1) Torsional deflection at.- inner engine equal to l unit due
to esach engine, or 2 unilts total

(2) Torsional dsfledtion between-inboard and outboard engines
equal to 2 units because of greater distance of flexure, boosted
to 3 unlts because of lncreased flexibility of structure

On the baesis of data from Galifornia Institute of Technology
the average of the static moments of .the inboard and outboard engines
ig taken as 22,000 foot—pounds. After determination of the torsional
deflection at the outboard engine for this average moment applied at
the wing tip, multiplication by.the ratio 1/2 gives a value for the
static deflection of the inboard engine and mulbiplication by the
ratio 5/4. gives a value for the static deflection of the. outboard

engine.
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An approximation to the calculation of the response of the
engines to the total acceleration of the elastic axls 1s %o
neglect dynemic interaction between the englnes and treat each
engine as a single-mass oscillator having a natural frequency
determined by its static deflectibn. Such a procedure glves
values of 7.6 cycles per second for the inboard engine and
5.1 cycles .per second for the outboard engine. Use of those
frequencies to dotermine <&, and division of tn by t3 (b4
équal 4n this cage to the time to reach maximum acceleration of
the curves in figure 13.for the station in guestion) leads to
veluos of ty/t; for the inboard end outboard engines. The
next step 1s to select a mass ratio which for these wvalues of
tn/ti has a shape of the nodel acceleration time history,
which approximates the shape of the acceleration time history
for the elastic axis at the statlion in guestion. In the present
example the mass ratioc of 0.25 1a umed. Scale factors for dboth
the load and time scales are determined’ so that the maximum
nodal acceleration for the two-mass solution will agrse with the
maximum acceleration and time to reach maximum acceleration of
the elastic axls at the station In question. After these factors
are applied to both the nodal and osclllatory curves for the
solected mass ratio and time-period ratio, use of the results
and equations (B7), (B5), and (B2) in appendix B to calculate the
acceleration of the sprung mass of the two-mass system glves
accelerations of the englnes. Approximation and superposition
of the plitching action on the basis of a rigld structure leads to
the solid-line curves given in figuro lh for the accelerations of
the engines.

Also included in figure 1h is the design ultimate acceleration
for the engine mounts. Comparison of the calculated engine
accelerations with this value shows agreement of the caleculation
with the fact that partial fallure of the inboard-engine mounts
cceurred but the outboard-engine mounte were not damaged.

During the impact an accelerometer was located at the
outboard-engine station intermediste between the elastic axis
and the engine. A calculated time history of the acceleration
at the accelerometer location.is given in Pfigure 1k this time
higtory is based on linear interpolation between the computed
accelerations st the engine and the elastic axis at this station
in accordence with the proportionate distances involved. The
Tigure =21so includes the recorded maximum acceleration at this
point and shows good agreement of the computed acceleration
therewith.

Acceleration time hiestories for the engines, computed on the
basis of a rigld structure, are included in figure 1k, The maximum
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accelerations computed on this basls do not agree with the
gtructural fellures which occurred. Furthermore, the fact that
the curves computed on the basis of a rigld structure reach a
paximum et the same instant of time 1s in strong disagreement.
with experiment, which in this respect is in approximate agree-
ment with the computations for an elastic structure.

Difference between the ratio t,/ty for the inboard-engine
end outboard-engine stations 1s primarlily responsible for
di1fference in the calculated response of the engines. Most of
the difference in this vratlio for the two stations is not due to
difference in the sprung-engine frequency but is due to the
greatly differont time to reach meximum acceleration +t; of
the elastic axis. Agreement with experiment of the response
calculated at these stations provides indirvect confirmation of
the aceceleration time histories predicted for the elastic axls
at these locatlons by ths normal-mode method.

For the impact, experimental data are not available for
checking the tip acceleration, which is prediected on the basis
of the normal-mode method, but the inltial downward acceleration
and the 1l2g maximum acceleration shown in figure 13 for this
station are in general agreement wilth results recorded in severe
impacte of other airplanes. Agreement of the computed hull
acceleration with experiment has already been shown; in an
indirect manner sll the curves in figure 13 exhibit satisfactory
agreement with avallable experimental data. Although the response
of the englnes ig different from the response assumed in
calculating these curves, it appears that in practical use the
two-mass solutions gilven herein can be interpreted on the basis
of the normsl-modse method to obtain both the response of the
‘elastic axis end the hydrodynemic force. Further, 1t appears
that in practical problems modification of these two results is
not required when accelerations of the engine different from the
accelerations predicted by the normal-mode method are determined;
the merilt of this statement should be independent of whether such
modification is mede by the method used herein or by another method.

In the forogoing comparison agreement of calculation with
experiment is obtained without consideration of the response of
modes higher than the fundemental mode. IFf, when more data are
available, 1t 1s shown that the response of the highor modss can
be determined by treatment parallel to that given the fundamental
mode, the two-mass solution given herein can be umed to predict
thelr response by selecting a solution, for a mass ratio and
natural frequency representative of the higher mode, which kas a
nodal acceleration curve of approximately the same shape as the
hydrodynamic-force curve.
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CONCLUSIONS

Theoretical solution of hydrodynamic impact of a hull mass
connected by a spring to an upper masg, the results of calculations
for wide ranges of mass ratio and natural frequency, and the use
of these results in a comparison of theoretical data with test
date for a flight:-test landing impact indicated that:-

1. In flying-boat impact the effect of the structursl response
on the hydrétdynamic force might be substantlial, the shape of the
force time hilstory might be conelderably changed, and the meximum
hydrodynamic force might be either reduced or Increased.

'2. The greatest reduction in. hydrodynemic. force occurred
for the condition of large mags ratio and low value of epring :
constant. .

3. The normal-mode method was a practical meens for determining
the equivelent two-mass system which represented tho majJor elastlc
actlon of the alrframe, for predicting the effect of this action
of the hydrodynemic force, and for approximating accelerations
along the elastic axis of the wing.

4., The acceleration of enginees contained in nacelles forward
of the wing could not be computed on the basis of coupling between
torsion and bending as in the fundamental mode, but simple treat-
ment of thelr response to the combined trenslation and oscillation
of the elastic axis gave agreements with experimental acceleratlons
and gave an explanation of partial falilure of the inboard-engine
mounts during impact.

Larigley Memorial Aeronautical ﬁaboratory
National Advisory Committee for Aeronautics
Lengley Field, Va., March 17, 1947 -
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APPENDIX A

MATHEMATICAL EQUATIONS AND METHOD OF SOLUTION

Equations of Motion

The following equations of motion, which were derived from
equation (30) in reference 2, are for fixed-trim impacts of a
rigld prismatlic float connected by a massless spring to a2 rigid
upper mess! '

The acceleration of lower mass normel. to water swrface in
feet per second per second can be expressed py the equation

. Ca - b :
-yi = BAyLQ(&t + K; cos 7)2 + ﬁ% [é%%— + (mg +‘mL) (y, - ?Lot)

. 6 t '
+ZK;A cos T JF yi3 dt + 3AK12 cos®r Jf 'th yLedt at -——;ld——-
. 0 o *0 Ayy> + my

(A1)

The acceleration of sprung mass normsl to water surface in
feet per second per second is expressed by the equation

¥s = m—% ,}%3 + mp) Yoo+ 347205y, + ¥y cos 7)2] (a2)

The acceleration of nodal point normal to water surface in
feet per second per second is given by the equation

' ‘yn'#mLyir'i'mS'jS _ _
o mL"'mS . L ,-.-=-(A3)
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The spring constant In pounds per foot of deflection can be
expressed by the equation

2

L £ ‘
| K- (s )20 (al)
I My, + Ug Cy e
where
. in T } sin2
Ky = e BT - Ly cos 7.

A=0.82 - tan TN 1P
) "2 ten ;3 ‘é sin T coslT

&L velocity of lower mess normel to water surface, ft/sec
¥yy, draft normal to water surface, £t

B engle of dead rise, radians °

T angle of trim, deg
¥, inltial velocity normal to water surface, ft/sec

%r, initial velocity parallel to water ‘surface, ft/sec_'
my  sprung mass, slugs -

my  lower mass, slugs'

T | natural bending frequenc&, cyéleé/sec '

p  mass-density of water, slugs/ cu Ft o .

Computing Directions

A sample data sheet is given as table I. In this table the
nuwbers in circles refer to rows; the circled numbers wnder the
row headings refer to computed values to be used for the camputa-
tione. In the flrst column the time 1s equal to zero, in the
second column the time is At, and in successive columns the time
1s 2 A%, 3 At, and so forth. Each row 1s computed in sequence for
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any givon column before eny row is computed for the next column,
except for the first columm. IYn the first colum the assumed
value of ¥;, .1s the glven value of - yLo. All other wvalues are

zero except tho velues for rows €)), €3) end € vhich in this
case are also y; . Lower-case p a8 & subscript on a row

number refers to the computed value in the’ indicated row of the
preceding column .

Fach row heading indicates the general operation to be
performed. When the data sheet is set up numerical values should e el
be substituted in the row headlings for the expressions that are
constant for a specific case. The constants for the sam‘ple
computation, given In table IT, asre as follows:

K L] L4 L] * L L4 L] L] * L] . . L] . * * + L] L L L [ L] I ¢ " L * e L] 10766h

Kl e e o & ¢ P e e & ¢ & e ° e > e € & s & 6 s o o+ s+ o+ e s u.2u3l7
B, ¢ e o e e s e e e e ® ¢ o & s s @ e 9 ¢ 0 2 s . 1334919
B, deg ® ¢ 0 & 6 8 & ¢ & &+ e ¢ & 6 ¢ @+ 8 s ¢ v v e e 0 » 2205
T, deg . € % 8 e+ e @ e & e e » e e e & ¢ ¢ e ¢ ¢ s e o @ 3
yL ) f’b/sec ® 6 6 s & & &8 * ¢ ® I 8 S & ¢ & e o v e & & ¥ * 20 96673
xLO, f'b/sec 2 2 s & & @ & 2 ® e & @ ¢ ¢ 8 & & & o s+ » s v . 82 01585
% L] L ] o Ld . L] L] L] L 4 L ] L L] L] L ] [ ] . * ] L] L] L4 L] L d » . L] * ? 715.217
T T S = I 4
T, OFCLEE/BEC « v & ¢ 4 4 4t s e e e e e e e e e e 3
P, BLUGB/CU PE 4+ o v 4 4 4 v s e e s e s e e e e e e e 1.938
AL, B8C ¢ 4 o v 0 4 s s 6 4 0 6 4 4w e e s e 4t s e e 0.005

For most solutions a time increment At of 0.005 second is
satisfactory. (The value of At may be varied by considering the
tims for a given mass to reach & maximum scceleration.)

The nmumber of significant figures to be used should be chosen
on the basls of the compubting equlipment availeble and the accuracy
desired. Comparison of a solution computed with four significant.
figures wlth resultas which had bheen obtained with six significant
figures gave a difference of about 1 percent in the maximum
acceleration.

g the computations proceed, the lower-mass acceleratlion
(row @), the sprung-mas a.cceleration (row @), and the nodal-
point acceleration (row , all in g wnits, =hould be plotted
against time (row(@) in seconds. Fach time = colurm 1s completed
the new points ghould be added to the plot. This plot is the
only brief method of checking on the accuracy of the computation
until sufficient solutions are obtailned to permit cross-plotting.
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If tho points do not lle on a smooth curve an error has been made
in the computations. If an error is made every valuo computed
theroafter con'!:ains the error. amd therefore great care muet be
taken. .

The number of colums roguired for the gomputations dopends
on tho number of colume required for rows and to pass
their rospective maximums. At least threg columns should be
camputed beyond the colum in which row @ regches its maximum
valus., '
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APPENDIX B

RELATIONS BETWEEN TWO-MASS SYSTEM AND REFRESENTED

STRUCTURATL: MODE

The sum of the masses mL' and mng shown in figurs 1 must
equal the gross mass of the represented airplane in order to
obtain the proper nodel acceleration. For the hypothsticel limit
condition in which the wing mess 1s concentrated at a single
point in each semispen, my 1s the actual hull mass and mg is
the actual wing mess. In order to take into account the more
complex nature of the structural sction for a perticular mode
the determinatvion of the ratio of these masses ls hecessary so
that the vibrational energy of the simplifled and represented
systems are equal forthe same vibrational erplitudesof 1y and

the actual hull or point of force application.

On the basis of the theory of vibrations, for which equations
are included in reference 3, the vibration energy E of the two-
mess system is glven by the equation

j’—e = % qu>L2 + % nePg® (B1)

where

97,  vibrational amplitude of my relative to nodal point of
system o ’

cps' vibrational ainplitude of mg relative to nodal point of
systen '

()] natural fregquency

Since for the two-mass system the node is at the center of
gravity :

P, = MePg . (82)

Combining equation (Bl), equation (B2), and the fact that the
total mass m 1s equal to the sum of the masses mg and my the
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following equation can be obtained for the vibrational energy E
of the two-mass system:

—% % o2 (B3)

The vibrational energy of the represented mode is a function
of the spanwise mass distribution end mode shape. On the basis
that the semispan of the airplane ig divided into J sections or
stations, the vibrational energy of the mode can o written as
follows:

vhere

my mass of jth spanwise sectlion; value for semispan doubled to
represent the entire span

¢J deflection of mass at jth spénwise section relative to
nodal point (hJ + xmj)

h‘j deflection of elastic axis at Jth spanwise deflection relative
to nodal point

x chordwise distance from elastic axis to effective mass center
oy torsional deflection at jJth spanwise station

Equality of the vibrational amplitude of the lower mass of
the simplified system to the vibrational amplitude of the hull or

fuselage of the flying boat or airplane relative to the nodal
point of the represented mode 1s expressed by the equation

=9 - - - O - (B5)
where |

Py deflection of hull or fuselege of flying boat or airplane
relative to nodal point of represented mode

The requiremsnt of equal energy of the simplified and represented
systems for the condition expressed by esquation (BS) glves combination
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of equations (B3), (B4), and {B5) to obtain the following equation
for the mass ratio of the two-mass system:

= 2 m ol + PR k. b e DS .____

Computation of the natural froquency of wing modes has received
& great deal of attention In comnection with study of wing flutter
and need not be treated herein. Incidentsl to. calculatibn of the
natural frequency, a mode shape is attained which, bogether with
knowledge of the.mass distribution, permits use of equation (B6).
In casee in which the wing has been constructed, the mode shape
and natural frequency mey be determined experimentally, Equation (Al)
in apperndix A of the present paper permits camputation of the spring
constant which for a given mass ratio of the simplified system 3ives
the required natural freguency.

After the accselerations of the two masses of the simplified
system have been computed, equation (A3) of appendix A Pixes the
magnitude of the nodal acceleration. The difference between the
nodal acceleration and the hull, fuselage, or float acceleration
can be taken as a meassure of the oscillatory acceleration. On
the basis that the structure deflects In the mode uvsed in determining
‘the eguivalent two-mass system, the acceleration at any point is
given by the equation

n, = ng + N, ;% (B7)

The foregoing eguations, with consideration of rotatory
inertias and energy, may be applied to the case of a tip float
attached to & flexible wing if the stiffness and mass distribution
are known and a menner of structural deflection is assumed.
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TABLE I.— DATA SHERT - GENERAL TERKS

RBov heading

Column

® @@ OPPOO®OGOE BOOGEO PG O O©RERAPOELOEO|E

Time, Sec

@pzivumd.
(@rxm‘)*@p'n:ft
ONET

B 3=33

@k":.h
(@*Hcﬂf)@xy

® 4

(m+m6)(® -3, x D)

[(@ "@pAt:l *@r-fyL3dt
%Aeu-rx@

[<® +®P>*1 -+ @y = [ e
[<® * @Qé{t] + @D-J:l/::yx,edtdt
WG %0 x @

"‘@ + @ + @
&=®) @

(Ax@)-l-mn

= ¥, rt/sec®
(® -+ @)%
+ @,
yr +
e-%
+ @2@ , § aseumed for mext interval
2@ - @)

32.2

@'-'fp g units

32.2

: x = X@th-?n;sunita

mg v g

=¥y, 8 wnlts
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TABLE IT.- SAMPLE COMPUTATION

{Constants are from appendix A]

NACA TN No. 1398

Rov] Row headingz . . ; - govm - o P
Q)iTime 4, sec (0.005) o | owow | owow | 615 | owm | owm | o.on | ol !
(2 ), 20.6673] 20.6573 | 20.6420 | 20,9287 | 20.2688 | 19.feg0 | 19.196k | 18.30%7
@(npxo.ooa) + 3y o [0.103337 {0.206579 o.3o.9380 0.5221268 [0.51102% [0.60817k |0.70L700
& G° 0 {0.020679 |0.042675 {0.095716 [0,165026 [0.2611147}0.369%76 |0.ho?3AY
@ @3 o |o0.00110% {0.008816 |0.029613 {0.069%9L [0.133%33 |0.22k0he |O.3Y50%
® 6 o |o.0001at [0.001821 |0.0091262 |0.028570 |0.068198 [0.136708 |o.2k2kk1
@ (B + 4.23736)? (&) x bor.757 o | 2661.07 | 10612.5 | 23986.% {50782.0 | 60767.k | B1602.9 | 101246
@) @) x 33.4798 o [0.003827 |0.060967 10.306T42 [0.956518 | 2.28306 | k.380%0 | R.116MR
@) 2250.53 [3) - (206673 x @)] 0 0 |-0.116653}-0.761680h|-2.73252 [-7.07152 |-1k.Bag% |-6.AThO
@ [(®+@p) o.ooevJo ®, o |0.000003 |0.000028 |0.00012% 10.000373 {0.000f79 |0.00177% |0.003201
@ ume2s @ 0 |0.00305 |0.031778 [0.140730 [0.422150 {0.99T395 | 2.01kk8 | 3.63288
@|[(® + ®,) 0.0025] + ®, o [0.000027 [0.000160 [0.000506 |0.001168 |0.0022%3 |0.007821 |0.00%977
B(® + @) 0005] + @y ° 0 o |0.000002 |0.000006 |0.000015 {0.0000% [0.00005%
@|raz.2x @ [ o o |o.oukkzr [0.083282 |0.10820k |0.216%09 [0.389525
BDEO+@+D + D o [o.001222 |-0.023503}-0.319925] 0.233053-3.632%6 |-7.88831 [-14.77%6
@ (150-533x @) o-@ o 2662.16 | 10608.9 | 23%38.3 | hosBL.7 | 60270.6 | Bok1s.5 | 97028.0
@ (133.529 x ) + 525.776 o | 525,98 | 526.957 | 529.782 | 535.082 | 543,688 | 535,501 | AT2.9%6
@|-B®/D o |-5.06107 [-20.1324 |-bL.k335 |-7%.8420 |-110.770 [-184.658 [-173.112
DB + @) 000 0 |-0.012655|-0.062986|-0.161815|-0.300690|-0 466533 -0.638573 | 0. Tk K23
i + @9 0 |-0.012655|-0.075641 |-0.237096]-0.537746 -1 .00k28 |-1.6u285 |-2.k3728
@ 20.6673 + @ 20.6673] 20.6%45 | 20.9917 | 20.430? | 20.1296 | 19.66%0 | 19.02k5 18.2;00_
@ @ + @ 20.6673] 20.6483 | 20.5602 | 20.3495 | 19.5793 | 19.h297 | 18.7052 | 17.8323
® & - ? A 20.6673] 20.5120 | 20.5287 | 20.2688 | 19.8290 | 19.1964 | 28.3%9 | 17.h35%
@ | [-0.001398 (D) - @)]ﬁe.e 0 |0.000047 |-0.0001%6 |-0.002093{~0.009696-0.073740] -0.051352 -0.09625T
@ @/32.2 6 |-0.1972011°0.625030|-1.37992 |-2.7593% |-3.%4009 |-k.kgob8 |-9.37615
) (525776 % ®l)2h;.g’5'917" @) 0 {~0.066575]-0.261983 |-0.558h]-1.00201 [-1.47116 |-1.93306 {-2.3333
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Figure I.- Simplified representotion of primary elasticity of an anfrome.
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figure &. Var,af/m of force 71me /7/5}‘0/}' with 1rme ratso.
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Figure 3 —Variation of force fime fystory with time ratro.
M5 = 060; B=E28°, 4=/4°; T=3°,
mL J - /
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Fiaure 4. —=Variation of force firme fustory with time rotro.
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Figure 5.-Varwation of force time fusitory with 7ime ratio.
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Frgure 6.~ Variation of cscillafory-accele, ation coetficient with fime ratc.
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Figure 7.— Variation of osci/lotory-acceleration coefficient with time ratio.
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rigure 8.— Varmation of oscillatory-acceleration coefficient with time ratio.
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Figure 3.= Varigtfion of osct/lqfory-acceleration coefficient with time rofio.
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